Abstract. Given an odd prime p we show a way to construct large families of polynomials Pq(x) ∈ Q[x], q ∈ C, where C is a set of primes of the form q ≡ 1 mod p and Pq(x) is the irreducible polynomial of the Gaussian periods of degree p in Q(ζq). Examples of these families when p = 7 are worked in detail. We also show, given an integer n ≥ 2 and a prime q ≡ 1 mod 2n, how to represent by matrices the Gaussian periods η 0 , . . . , η n−1 of degree n in Q(ζq), and how to calculate in a simple way, with the help of a computer, irreducible polynomials for elements of Q(η 0 ).
Introduction
Let p be an odd prime number and ζ p a p-th primitive root of 1. Let S be the set of all primes q ≡ 1 mod p. For each q ∈ S, choose a primitive root s = s q modulo q, and a q-th primitive root ζ q of 1 (the choice of s q will be made more precise later). , where f = f q = (q − 1)/p. In Section 1 we show a way to construct large families of polynomials P q (x) ∈ Q[x], q ∈ C, where C ⊆ S and P q (x) is the irreducible polynomial of the periods η i (q). When p is small, we could take C = S. More precisely, for any p, the set of indices could, in principle, include all primes q ∈ S such that the prime ideals over q in Q(ζ p ) are principal. Of course, if we do not put some restrictions, the formulas describing these families will soon become enormously complicated. As examples we show, for p = 7, four two-parameter families of polynomials P q (x), whose indices put together include all the primes of the form (a 7 + b 7 )/(a + b) (see Proposition 1, and the MAPLE program, at the end of Section 1, to calculate the polynomials P q (x) for the four families). These results can be generalized to arbitrary positive integers in the place of the primes p.
For p = 5, H.W. Lloyd Tanner obtained, in [9] , an expression for the family of polynomials P q (x), q ∈ S, in terms of coefficients of certain divisors of q in Q(ζ 5 ). This result was used by Emma Lehmer, in [5] , who gave a new expression for that family. In [6] Lehmer shows a family of polynomials of degree 5, which is obtained by a translation of a family of polynomials P q (x), and such that the roots of the polynomials in the family are units. This result has been used by Schoof and Washington in [7] to find some real cyclotomic fields with large class numbers.
F. THAINE
We were not able to find, for p = 7, families of polynomials whose roots are units, which are translations of families of polynomials P q (x). This seems to be a feasible task though, and an interesting one in light of the results mentioned above. For particular primes q, polynomials with the desired properties can be easily obtained; for example:
and
In Section 2 we work with a fixed integer n ≥ 2 and a fixed prime q ≡ 1 mod 2n. Let ζ q be a q-th primitive root of unity, s a primitive root modulo q, and f = (q − 1)/n. For 0 ≤ i, j ≤ n − 1, define the Gaussian periods of degree n of Q(ζ q ) by
is an integral basis of Q(η 0 ).) The numbers c i,j are closely related to the cyclotomic numbers (i, j) of order n (see formula (15)). In this section we show how to calculate the c i,j , and how to use these numbers to find minimal polynomials of elements of Q(η 0 ).
Define the n × n matrices C and K by: C = [c i,j ] 0≤i,j≤n−1 , and
Using the facts that the conjugates
, of C are simultaneously diagonalizable, and that the characteristic polynomial of C is the minimal polynomial of the periods η i , we show that we can identify η 0 with C, η i with H i , and elements in Q(η 0 ) with linear combinations, over Q, of the H i . With this identification, characteristic polynomials of elements in Q(η 0 ) correspond to characteristic polynomials of the associated matrices. This reduces, in a way, the problem of calculating minimal polynomials of elements of Q(η 0 ) to the problem of calculating C. The properties that C is a matrix with entries in Z, which commutes with its conjugates H i (formula (21)), and whose characteristic polynomial is irreducible over Q, together with some simple linear conditions on its entries c i,j , actually characterize this matrix (Proposition 2).
To calculate C we use the fact that 0 ≤ (i, j) ≤ q − 1, and a congruence modulo q first found by V.A. Lebesgue (see [4] , Section III). We deduce both the inequality and the congruence from an expression of the cyclotomic numbers (i, j) in terms of Jacobi sums that is an immediate consequence of [1] , formula (26) (see Proposition 3 and its corollary). We end Section 2 with a MAPLE program to carry out all calculations mentioned above. In particular this program is a tool to investigate whether a given linear combination of periods η i is a unit of Q(η 0 ).
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Families of irreducible polynomials of Gaussian periods
of degree p, Jacobi sums and cyclotomic numbers
Let p be an odd prime, ζ p a p-th primitive root of 1, and S 1 the set of all primes q ≡ 1 mod p such that the prime ideals over q in Q(ζ p ) are principal. For each q ∈ S 1 , let f = f q = (q − 1)/p and let ζ q be a q-th primitive root of 1. Suppose that
, with a i ∈ Z, is such that its norm is a prime number q = p; that is, N Q(ζp)/Q (α) = q ∈ S 1 . We begin by working in Q(ζ p ), though here we are mainly interested in the subfield of degree p of Q(ζ q ).
Choose a primitive root s modulo q such that s f ≡ ζ p mod α, and define the Gaussian periods η 0 , . . . , η p−1 by
and the Jacobi sums J 1 , . . . , J p−2 by
where ind s (k) is the least nonnegative integer such that s
3 ; see the Remark after Theorem 1 in [2] ). Write
If n and k are as above, and i, j ∈ Z, define d n+ip,k+jp = d n,k . The numbers d n,k are studied in some detail in [11] .
A summary of our simple method: By using Stickelberger's Theorem, write the coefficients d n,k of the Jacobi sums in terms of the coefficients a i of α. Then write the cylotomic numbers (i, j) of order p corresponding to q (defined below) in terms of the d n,k , and finally, by means of a well-known formula, write the irreducible polynomial P q (x) of the Gaussian periods η i in terms of the (i, j). For small p, and suitable restrictions on the type of the prime q, we can obtain in that way a reasonably simple formula for P q (x) in terms of the a i . A more detailed explanation of this construction follows.
If
where [ρ] denotes the integral part of a real number ρ, and the bar denotes complex conjugation (see [3] , FAC 3, page 13).
are products of real units with roots of 1). That is, for 1 ≤ n ≤ p − 2,
The fact that J n ≡ 1 mod (ζ p − 1)
2 allows us to determine the ± sign and the value of k n in the above formula. This shows that we can express the numbers d n,k in terms of the coefficients a i of α, when we can perform the indicated calculations.
For 0 ≤ i, j ≤ p − 1, the cyclotomic number (i, j) of order p, corresponding to q, is defined as the number of ordered pairs of integers
(See, for example, [1] and [8] .) We can express the cyclotomic numbers of order p in terms of the coefficients d n,k as follows: (6) (see, for example, [11] , formula (7)).
The cyclotomic numbers (i, j) and the Gaussian periods η i defined in (1) are connected by the multiplication table of the periods. For k, l ∈ Z define
We have, for 0
where c i,j = (i, j) − f δ 0,i (see [1] , formula (6)). That is (by (6))
It follows easily from (7) that the irreducible polynomial P q (x) of the periods η i is equal to the characteristic polynomial of the matrix C (see (16), or [1] , formula (9)). That is,
When we are able to do the calculations involved in formulas (3), (5), (8) and (9), we can express P q (x) in terms of the coefficients a i of α.
As an example of the above construction, let p = 7 and let q be a prime of the form (a
Without loss of generality we can assume that a + b is a quadratic residue modulo 7 (since we can replace a and b by −a and −b). Let ω = ζ 7 be a 7-th primitive root of 1.
; it is an integer by our choice of a, b. By (5) we have that, for 1 ≤ n ≤ 5,
The numbers ±ω kn can be determined using the congruence J n ≡ 1 mod (ω − 1)
. This determines the ± sign. Therefore,
This determines k n . After some straightforward calculations we obtain:
Notice that we added r to the coefficients of each Jacobi sum in (10) in order to have their sum equal to 1. So we have (by (3)) that d n,k is the coefficient of ω k in the expression for J n in (10) (after performing the multiplication by the indicated power of ω, that corresponds to a cyclic permutation of the coefficients).
For example let us find the family of polynomials P q (x), where q is of the form (a 7 + b 7 )/(a + b) and a, b are integers such that the class of (a, b) modulo 7 is in {(3, 6), (5, 3), (6, 5) 
By using (8), (11) , and a computer (as shown below), we find the matrix C = [c i,j ]:
where (q = (a
3 )/7, and)
Observation Using (9), we obtain the following proposition. We have similar results for the other families (see below).
Proposition 1. Let q be a prime of the form (a
, where the class of (a, b) modulo 7 is in {(3, 6), (5, 3), (6, 5)}, and let C be as in (12) 
(with the given values for the X i ). Then the minimal polynomial of the Gaussian periods η i that generate the subfield of degree 7 of Q(ζ q ) is P q (x) = det(xI − C).
The expanded expression of the polynomial P q (x) in Proposition 1 is large (as can be expected when one looks for large families of characteristic polynomials). For the complete expression use the program at the end of this section. We write the first few terms:
Recall that the coefficients above are integers, by the condition on the values of (a, b) modulo 7.
Example. Taking a = −1 and b = −2+7t in Proposition 1, we obtain the following polynomial with large coefficients as the irreducible polynomial of the Gaussian periods of degree 7 in Q(ζ q ), for a prime q of the form (−2 + 7t) 7 − 1 /(−3 + 7t): Taking t = 0, we get
We have in total seven families like the one above, one for each residue modulo 7 of −3b(a + b) 2 , but we need to consider only four of them if we interchange the roles of a and b. Together these families contain, as indices, all the primes q of the form (a 
Cyclotomic numbers and characteristic polynomials of linear combinations of Gaussian periods of degree n
Let n ≥ 2 be an integer, q ≡ 1 mod 2n a prime number, and f = (q − 1)/n. We are assuming that f is even for simplicity. Let ζ q be a q-th primitive root of 1 and s a primitive root modulo q. Define the Gaussian periods η 0 , . . . , η n−1 of degree n of Q(ζ q ) by
They form a normal integral basis of Q(η 0 ), the only subfield of Q(ζ q ) of degree n over Q. Define the integers c i,j , 0 ≤ i, j ≤ n − 1, and the matrix C by
In this section we show how the periods η i can be identified with certain conjugates of C, and elements of Q(η 0 ) with linear combinations, over Q, of such conjugates, in such a way that characteristic polynomials of elements in Q(η 0 ) correspond to characteristic polynomials of the associated matrices. We will give a simple characterization of C, actually a variation of Theorem 1 of [10] , which is suitable for our purposes. Finally we will show how to calculate C, and hence also the other mentioned objects, in an efficient way.
As is usual, for 0 ≤ i, j ≤ n − 1, we denote by (i, j) the cyclotomic number of order n, defined as the number of ordered pairs of integers k, l , 0 ≤ k, l ≤ f − 1, such that 1 + s kn+i ≡ s ln+j mod q. (See, for example, [1] or [8] .) Define η i+kn = η i , c i+kn,j+ln = c i,j , and (i + kn, j + ln) = (i, j), for 0 ≤ i, j ≤ n − 1 and k, l ∈ Z. We have (i, j) = (j, i) = (−i, j − i) (see [1] , formula (14)).
We use the following version of Kronecker's delta:
By [1] , formula 6, we have
Since η i η j = η j η i , it follows from (14) that
This proves that c i,j = c −i,j−i and that
. . .
with C as in (14). In particular the Gaussian periods η 0 , . . . , η n−1 are exactly the eigenvalues of C. So det(xI − C) is the minimal polynomial of the periods (see also [1] , formula (9)), and we have a field isomorphism
(a circulant matrix). It follows from (16) that
, where E is the n × n matrix with all entries equal to 1.) Let K be the n × n matrix [δ i+1,j ] i,j ; that is,
Since circulant matrices commute with one another, we can conclude from (19) that 
F. THAINE
In [10] , Theorem 1, we give a list of properties that characterize the matrix C, which are equivalent to the following (see the observation at the end of [10] ): Let K be as in (20). Denote by [B] i the i-th row of a matrix B. Then C is a matrix with entries in Z such that:
a) The sum of the elements of the i-th row of C is f − qδ 0,i . b) The sum of the elements of the j-th column of C is
These properties characterize C (up to some relabeling of the periods in formula (13)), and property (c) together with formula (21) implies property (d) (since (c) implies that 
Our next objective is to show a formula for cyclotomic numbers that will be used in the MAPLE program below. A variation of the formula was first found by V.A. Lebesgue (see [4] , Section III); we obtain it as a corollary of the next proposition. 
where ind s (k) is the least nonnegative integer such that s inds(k) ≡ k mod q, and ζ n is an n-th primitive root of 1. Let G(x) = n−1 k=0 η k x k , where x is an indeterminate.
We have G(1) = −1 and G(ζ a n )G(ζ a n ) = q if n a (G(ζ a n ) is a Gauss sum). Suppose that 0 ≤ a, b ≤ n − 1. If a + b ≡ 0 mod n, we have as we wanted to prove. The second equality follows from (23) and (24).
